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TOPIC 1: LIMITS OF FUNCTIONS

L‘lm.it Definition: a valye that f(x) approaches as the values of x approach a specific number
Limit Notation:

im.,, f(x) = L, read as: the limit of f(x) as x approaches a is L

Calculating Limits using Algebra, Tables, and Graphs:
The most straightforward way to find a limit is to substitute the specified x value into the function.
The resulting y value is the limit.
Example:
lim (x —1) =?
x-1

When x =1, (x-1) = 0. Therefore, the limit as x approaches 1 is 0.
When the function is undefined at the specified value, however, we can use a graph, a table, or algebra

to find the limit.

Example:
. - - ?
LI_Y)I} x2-1
When x =1, x’;—_ll = 11_;: = g (which is an indeterminate form)

With a Graph:

We can see that f(x) is approaching a y-value of 0.5 as x approaches 1 from either side, even though f(1) is
not defined. Therefore, the limit of f(x) as x approaches 1 is 0.5.
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With a Table:

) Instead of graphing the function, we can construct a table of x values and their corresponding y values.
Take x values slightly above and slightly below. On a graphing calculator such as the T1-84, set the
TbiStart value as your x value and set the A Tbl value as 0.001.

X y
997 50075 Jj
fé’gg 5005 B
Li oo 50025 |
Qom UNDEFINED |
o 49975 |
o 4995 B
- 49925 ]

It appears that the limit is approximately 0.5, or %

With Algebra:
We can simplify the denominator, if we recognize that (x* - 1) is a difference of squares.

. x-1
lim =7?
x-1 X< —

x-1 _  x-1 _1

x2-1  (x+1)(x-1) Tx+1

Now, we can substitute x = 1 into the function.
1 1

x+1 2
In some situations, we can multiply either the denominator or the numerator by its conjugate.

Important: Whatever operation performed on the denominator must also be performed on the
numerator (or vice versa) in order to preserve the function’s identity.

I \/x—2_7
xl—rvr‘lt x—4

The conjugate of (v x) — 2 is (V x) + 2

Vx-2 _(Vx-2)(Vx+2) _  x-4 .1 11
x—4  (-Hx+2) | (-a@x+2) (o420 (Ya+2 4

Limits that Fail to Exist & One-Sided Limits:
Limit Existence Theorem: If each one sided limit for a particular x value is the same number, then the
corresponding two-sided limit is that same number

lim,_,, f(x) = L if and only if lim,_q4 f(x) = L and lim,_,,_ f(x) = L

These are three situations in which a limit will fail to exist.

1. f(x) approaches a different value from the right than from the left
2. f(x) increases or decreases without bound as x approaches a
3. f(x) oscillates between 2 fixed values



Example 1:
lim,_,, %
Example 2: ’ |
“mx—»o iz / 13 \
X
/ 400\
' 7 \\\“\—‘r‘
Example 3:

me—»o sin (;1)

One-Sided Limits:
We can examine the behavior of a function as it approaches a particular x value from one side. L can be a
number, positive infinity, or negative infinity.
One-Sided Limit Notation:
lim f(x) =1L
x-a+
read as: the limit of f(x) as x approaches a from the rightis L

lim f(x) =1L

Xx—a-—

read as: the limit of f(x) as x approaches a from the leftis L

Vertical and Horizontal Asymptotes:
If limy gy f(x) = £ 0 ORlimy g4 f (x) = + o then there is a vertical asymptote atx = a

Example: f(x) = f J
If we examine the graph, we can see that \
f(x) approaches positive infinity from the right o\

of zero and negative infinity from the left of zero.
We can substitute values above and values below x to o

examine how the function is behaving.




y
-333.3 ]

-500
-1000
UNDEFINED B
1000
500
3333

Horizontal Asymptotes:
If lim, _, fx) =

For rational func
degree of the hi

b OR lim,_,__, f(x) = b then there is a horizontal asymptote aty = b

tions, let m be the degree of the highest degree term in the numerator and let n be the
ghest degree term in the denominator:

1. ifm = n, then the horizontal asymptote is the ratio of the coefficients of the highest
degree terms (numerator coefficient divided by denominator coefficient)

2. If m < n, then the horizontal asymptoteisy = 0.
3. If m > n, then there is no horizontal asymptote

Example 1:

. 2

lim, ., f(x) = Zx—:zxi = % = 2 (horizontal asymptote at y = 2)

Example 2:

lim, ., f(x) = L:;”—l- = 0 (horizontal asymptote at y = 0)
) Example 3:

2
lim, o f(x) = @ = ® (no horizontal asymptote)

Limits from Piecewise Functions:

Using the function definition, sketch a graph of the function and examine the function using the
techniques discussed in this topic.

x? (—o0,0) \\ 4
f)=9vx+4H+2 02V (@2 ) \
2 {2} \. t
N
4 b W 2 3
[ ]ir(1’1+ fx) =4 f(0) is undefined xllgl+ f(x) =45 }}_‘3 f(x) = 45

x—-
lirgl fx)=0 f2)=1 ,}i‘%l f(x) =45 Note that the limit of
x-0-

a function is not
always the value of the
function!
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) TOPIC 2: CONTINUITY
When is a function continuous at x = a?

f(x) is continuous at x = if:

1. limx?a f(x) exists [roads must meet]
2. f(x) is defined [bridge must exist]

3. lim,,, f (%) = f(a) [roads must meet at bridge]

Example: f(x) = x is continuous at x = 0 because:

1 lim,,, f(x) exists [f(x) approaches 0 from both sides]
2. f(0) is defined

3. limy,o f(x) =f(0) = 0

Discontinuity (Types):

1. Infinite: either one sided limit is + 0 or — oo (vertical asymptote)
2. Jump: the limit approaches different values from either side
3. Point: the limit of the function is not the value of the function

Example 1: Infinite Discontinuity (Left)
f(x) = ’% is not continuous at x = 0 because

“mx—>0+ f(x) =+

limy - f(2) = - el ——

Example 2: Jump Discontinuity (Right) -
F(x) = Kl is not continuous at x = 0 because
X

limy o4 f(x) = 1
limy_,o- flx) =-1




Ex?mple 3: Point Discontinuity
This function is not continuous at x = 2 because B

lim,,, f(x) #f(2) \

lntefmediate Value Theorem: if f(x) is continuous on [a, b] then:
If @ is a value such that f(a) < p < f(b) then there is at least one number c between a and b such that f(c)

=H
Example: f(x) = x’+ 1 is continuous on [0, 1]
f0)=1
f(1) =2
Let y be 1.5 (1<1.5<2)
f1;h)ere must be at least one number c between 0 and 1 such that
c)=15 \-

We can find ¢ by setting 1.5 equal to f(c). and solving for c.

fFlc)=15
x*+1=15
x*=5
x = (V2)/2 = 0.707 (note that we only consider the positive value because c is tes 1.
[0,1] fwd e d

4o

Extension: If x; and x; are numbers between a and b, and if f(x;) and f(x,) have opposite signs, then there

is at least one value of #c between x; and x, such that f(c) = 0
\VVOC AL OIN.
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Derivative of a Functio

n: the slope of the line tangent to f(x) at any value x
To find the derivative of

a function, we can use the limit definition below:

Limit Definition of the Derivative of a Function: the instantaneous rate of change of f(x), defined as the

limit of the average rate of change as the interval of average change approaches zero (also notated as:
(. y',or 22

lim L&+ W~ f(x)
1m

h-0 h
or
lim f(x) = f(a)

x—a X—a
Example: f(x) = x*

x3+3x2h+3xh?2 +h3-x3

_ 3_.3
Fl(x) = limh_—-)o M = ]imh_’o(x‘*'h+ = limh_'o .
2 2 3
= “mn—»ow = limp_,y 3x2 + 3xh 4+ h? = 3%°

Derivative of a Function at x = a: the slope of the tangent line drawn at x = a
Example: f(x) = §(x3), find the derivative at x = 1
If we draw a tangent line at x =

1, we see that the slope of the tangent line is 1. The derivative of f(x) at x
=1is1.

B\

e
Lt

We can also use the limit definition to find the derivative of the function, then substitute x = 1 into the
derivative.

%(x3+3x2h+3xh2+h3)—§x3

FEAFE) @G+ 203
h

F'(x) = limp,_, h-0 h = limy,g ~
1.3,,2 2,1,3 1.3 2 2,13
zx°+x°h+xh“+zh>- ] X°h+xh*+-h ] 1 2 2
= h'mh_,o 3 h i3 = llmh—’o_TB =]1mh_,0 x? 4+ xh + th =x"=(1)" =1

Relationship between Diffrentiability and Continuity: If a function is not continuous at x = a, it is not
diffrentiable at x = a. Being continuous at x = a does not guarantee differentiability.



Example 1: (Jagged Edge)
F() = x| is continuous at x = 0, but not differentiable because it has a jagged edge at x = 0.

Example 2: (Vertical Tangent Line)
0, but not diffrentiable because it has a vertical asymptote at x = 0.

1
f(x) = x3 is continous at x =

|

Constant Rule, Power Rule, Product/Quotient Rule, Chain Rule: Diffrentiate each term separately!

Constant Rule: if f(x) = a, a € R, then fx)=0
Example: f(x) = e f'(x) = 0

Constant Multiple Rule: if f(x) = ax, a € R, then fix)=a
Example: f(x) = 2x + 1, f(x) = 2

Power Rule: if f(x) = x", n=Q, then f'(x) = nx"™ if £} = ax", then f(x) = anx""
Example 1: f(x) = x*, f(x) = 4
Example 2: f(x) = 2xA3, f'(X)= 2(3)x" = 617

Product Rule: % uU-vy=v-u+u-v
Example: f(x) = (x)(x+1) = (4x>)(x+1)+(1)(x"

v-u'-u-v

. 4oy
Quotient Rule: =)= 2
2241 x(2x)-(x2+1)(1)

Example: f(x) = T p -

Chain Rule: d—d;[f (g(®))] = f(gx) - g'(¥)
Example: f(x) = x°, g(x) = ix
L [f(g@)] = FgX) - g = 56%°* -3

Tangent Lines and Normal Lines:
As stated before, the derivative of f(x) at x = a is the slope of the tangent line at x = a. Using the point-
slope formula, we can write the equation of the tangent line.

10
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Example: Find the tangent line of f(x) at x = 2

f6) = V(x%-3), s0 & = 1 ~F oy = 2 -2

. (x*-3), so = =;a*=3)722x) =; (22 -1)72(4) = 2

Eomt-slope formula: y - y; = m(x-x)

. cl)'tr);n the equation, we know that the tangent line will intersect the graph at (2,1). Substitute 2 for x; and 1
1.

};- Y1 = M(x-xy) =y -1 = 2(x-2)
o find the normal line, find the derivative of the function as before, then take the negative reciprocal.

That value is the slope of the normal line. The values of x; and y; will be calculated the same as before,

stnce the normal line also crosses (x;, Y1).

Higher Order Derivatives:

f(x) is the first derivative of f(x)
f'(x) is the second derivative of f(x), and it is found by taking the derivative of f'(x)

f"'(x) is the third derivative of f(x), and it is found by taking the derivative of f'(x)

... and so on.

Example:
f(x) = x>+2x+1
fi(x) = 3x° + 2
f'(x) = 6x
f'(x) = 6

Implicit Differentiation: For more complex functions, we can differentiate implicitly.

Example: Differentiate x* + y? =1 with respect to x
Differentiate each term. Note that the chain rule applies for X’ and y>.

XZ + y2 =1
d
(205 + 2y =0
2 21, so:
dx '
dy _
(2x) + (2y)a =0
&y _ =%
dx y

First Derivative Test:

1. Iff(x) > 0, then f(x) is increasing
2. Iff(x) < 0, then f(x) is decreasing
3. Iff'(x) = 0, then f(x) is constant

Critical Values: x values where f'(x) = 0 or f'(x) is undefined

Relative Minima/Maxima: If x = c is in the domain, then:

If f'(c) changes from —to +, f(c) isa relative minimum

1.
If f'(c) changes from + to —, f(c) is a relative maximum

2.

11
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Given a function, be able to find:

1. The domain
2. The x-coordinate(s) of relative extrema (critical values)
3. Intervals where the function is increasing or decreasing

Example: f(x) = x* - X
f(x) = 4x® - 2x = 2x(2x*-1)
f'(x) = 0 when x = 0 and when x =i\/(%) (set (2x’-1) = 0 and solve for x)

So:

1. Thedomainis R
2. The critical values are: x=0, X =\/(%), and x --\/(%)
t the critical values

We can use a sign chart to assist us in finding when f(x) is increasing or decreasing. Plo

on a number line.
| ?

f'(x) 7 ?
]
V() 0 Vi)

" at a time. For example, substitute an X value that is

Determine the behavior of the function one “segment

less than -V (g). -1 works well here.
decreasing between (-infinity, -V (12))

f(x) = 4% - 2x = 2x(2x°-1) = (-2)(2-1)
Put a negative sign in the corresponding place.

2 (negative, so the function is

p—

f(x) - ‘
-\/(g) 0 -

Continue this process until the chart is complete.
f(x) - |+ |
]
NG 0 VG
ity to —root0.5) and increasing on the
h of the function confirms our results:

So, we conclude that f(x) is decreasing on the intervals (-infin

intervals (-rootd,5 to 0 and root0.5 to positive infinity). A grap

“4-3

~+2

12



Second Derivative Test: If a is a critical value, then:

1. Iff“(a) > 0, then x = a is a relative min

2. Iff'(a) < 0, then x = a is a relative max
3. Iff"(a) = 0, then the second derivative test is inconclusive

+ + for relative min

U
- - for relative man(,

0 0 forinconclusive

Let the eyes be the sign of the second derivative, and let the mouths be the behavior of the function
Example: confirm that f(x) = x* - x* has a relative minimum at x =(V (%))

f(x) = 4x® - 2x

f(x) = 12x* -2

f”(\/(zi)) = 12(5)-2 =4 so there is a relative minimum at x =(v (%))

Concavity:

1. Iff'(x) > O then f(x) is concave up

2. Iff"(x) < 0, then f(x) is concave down

Points of inflection: if x = c is in the domain, then:
if there is a sign change at f'(c), then (c, f(c)) is a point of inflection

Given a function, be able to find intervals of concavity and points of inflection (use a sign chart for ' (x))

Example: f(x) = xA4-4x/3
Domainis R

f'(x) = 4x°-12x° = 4x%(x-3)

f'(x) = 12x*-24x

f'(x) = 0 when x = 0 and x =2

Complete the sign chart: (x values of -1, 1, and 3 wark well here)

H i | |

Therefore, the graph is concave up on (-infinity, 0) and (2, +infinity) and concave down (0,2).
To find the points of inflection, simply substitute x = 0 and x =2 into the original function.

(0,0) and (2,-16)

13
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Given a Graph of f'(x), Sketching f(x): Using the first derivative sign chart and the second derivative

sign chart, we can sketch a possible graph of f(x) if we know f'(x)

Example: f'(x) = 3x3-5 Concave Up, Decreasing Concave Up, Increasing
f'(x) = 3x°-5
f”(X) - 6X
Domain is R
f(x) = 0 when x = w/(g)and X = -\/(g) Concave Down, : s
f'(x) =0whenx=0
(if the graph of f'(x) is provided, we can determine these
values graphically)
Make a sign chart for f'(x) and a sign
chart for f*(x). Line them up to make sketching easier.
f(x) + N NI B
| |
5 5
~SG 0 )
f'(x) = +

On the interval (-oo, -V (g)) the function is increasing and concave down
On the interval (-V (g), 0) the function is decreasing and concave down
On the interval (0, v (35)) the function is decreasing and concave up

On the interval (V (g)), ) the function is increasing and concave up

14
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|

Note: Since we are not given the actual function, we do not know the precise location of the zeros. We

would need the actual function to find the zeros.

Loagarithms, Trigonometric Functions, and Inverse Trigonometric Functions
General Definition: if y = b* then logy(y) = x

f(x) = lnx, f(x) = i
g/(x)

f(x) = In(g(x)), f’(x) =

Example: f(x) =ln x3 + 1, f(x) = %

f(x) = &, f(x) = &
fix) = e 9%, f(x) = g'(x) - €9

Example: f(x) =e***1, f'(x) =(3x?2)e* *
f(x) = a9 where a is a positive real nurmber

f(x) = g'(x) - 2% - lna

Example: f(x) = 2%°+1, £(x) = In2(3x2)2%°*1 = (x?)(in8)(2*"*)
f(x) = loga(h(x)), a>0

h(x) 1
f( ) B h(x) lna

—= log.e

Example: f(x) = logsoe(€”), f(x) = —x . 1——113 = logio(e) = log(e)

Trigonometric Derivatives:

15
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- o ) 1
(tanAx) = arctan(x) = ;7

sin’'(x) = cos(x)
sin'(g(x)) = g‘(x)cos(x)

Example: sin’(x3 + 1) = (3x?)cos(x> + 1)

€os’(x) = -sin(x)
cos’(g(x)) = -g'(x)sin(x)

Example: cos’(x3 + 1) = -(3x%)sin(x® + 1)

tan'(x) = secz(x)
tan’(g(x)) = g'(x)sec’(x)

Example: tan'(x3 + 1) = (3x2) sec’(x3 + 1)

cot'(x) = -csc?(x)
cot’'(g(x)) = -g'(x)cscz(x)

Example: cot'(x3 + 1) = -(3x2)csc’(x3 + 1)

sec’(x) = sec(x)tan(x)
sec’(g(x)) = g'(x)sec(x)tan(x)

Example: sec’(x3 + 1) = (3x2) sec(x® + 1tan(x® + 1)

¢sc’(x) = -csc(x)cot(x)
csc'(g(x)) = -g’(x)csc(x)cot(x)

Example: csc'(x3 + 1) = -(3x%)csc(x® + 1)cot(x3 + 1)

Inverse Trigonometric Derivatives:

1
. - s _ x!
{sin{x) = arcsin’(x) = o
3x2

Example: arcsin’(x?) = T

3

ey _ Y 55 s

{cos"Jx) = arcos'(x) = = 7=

. , 3x2
Example: arccos'(x®) = — T

3x2

Example: arctan’(x®) =

16



L’'Hopital's Rule:

b - " . 0 + 0.
lim,_, (% = limy, (; ,gg) when taking the limit gives (5 or =)

Example: 2
limy o, (:—i) ==, 50 limye (2—§) = limy o0 (;2;) =050 limye (23?) =0

Logarithmic Differentiation: (variable raised to a variable)
Example: y = x*
lny = nx* = xlnx

take the derivative of each side:
7S AN | _

y;— (x); + lnx =1 + lnx

multiply both sides by y:

y' = y(1+lnx) = xX(1+ lnx)

Indeterminate Form:

. (]
. d 6/

Derivative of an Inverse:

0

5

oo’ ©0-00, O "0, Ool o

I+

F(d) = },—zc—) where f(c) = d

Example: f(x) = 2’ +x-1, find 3

solve for f(c) = d, where d = 3

§x3+x—1=3, x=2
1
F1(0)
f(x) = x°+1
1 1

evaluate

1 1
4

10" X241 2224

Extreme Value Theorem: if f(x) is continuous on a closed interval [a,b], then f has both an absolute
maximum and minimum. If f has one and only one relative extreme, it must also be absolute

Mean Value Theorem & Rolle’s Theorem:

Mean Value Theorem:
if f(x) is continuous on [a,b] and differentiable on (a,b) then there exists a number c in (a,b) such that

17
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f(c) = Fb)~f(a)
b-a
Example:
f(x) = v(x-2) (2,6)
1

F) = 2x-20.8) = —2
2(x-2)2

f6)-f(2) _
T2 = 0.5
05 = \/(X-Z)I X =3

Rolle’s Theorem: if f(x) is continuous on [a,b] and differentiable on (a,b), then if f(a) = f(b) then there is at

least one number on (a,b) such that f'(c) = 0
Example: f(x) = xA4-2xA2 (-2,2)

F(-2) = f(2) so:
F'(x) = 4xA3 -4x = 4(x*2-1) = 0,x =1, -1, and O

Absolute Extrema: to find absolute extrema: 1) find critical values 2) evaluate f at critical numbers 3)

evaluate f at endpoints
Example: f(x) = 2x -3x‘§) [-1,3]

f'(x) = 2-x"§) critical values: x =0, x =1

f(-1) = -5

f(3) = 6-(3)(3)%
f1) = -1
f(0)=0

Therefore, the absolute minimum is (-1, -5) and the absolute maximum is (0,0)

Rectilinear Motion: motion of an object along line; be able to draw the diagram of an object’s motion

given the equation for the object’s position

X(t) = s(t) = position of the object
X(t) = v(t) = velocity of the object (if v > 0, then object is moving to the right. v < 0, then the particle is
moving to the left. If v = 0, then the object is at rest)

[v(t)| = speed of the object
x"(t) = a(t) = acceleration of the object

Procedure:

1. Find v(t) (take the derivative of the position)

2. Find the critical values and make a sign chart
3. Use a table of values to find the position of the object at each critical value.

4. Draw the object’s motion on a position graph s(t)
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Example: As Kaito dances across the stage, his motion can be modeled by the equation s(t) = 2¢* -9 +12t

-4, t>=0. Draw a diagram representing his motion.

1. V(t) 6t° — 18t +12 = 6(t-1)(t-2)
2. t=1,t=2
Vit .+ | - | +
3.
T s(t) .
0 -4 -
1 1 J
2 0 i
t=2
t=0 ¢< B
- t=1
4,
s(t) I | |
| I |
-4 0 1

Optimization: find the largest or smallest value of a function

Rough sketch

Assign variables
Write primary equation for the quantity being maximized or minimized

Using a secondary equation, change the primary equation to one variable

Find the critical value(s) using the first derivative
Substitute the critical value(s) into the primary equation to determine the optimized value (be

the problem!)

1.
2
3.
4.
5
6

able to state what this means in the context of ¢

Example: Assume that the volume of Hatsune Mikis is &5 °. Using 10m’ of cardboard, we construct a
box with the largest volume. What is the largest votume? What are the dimensions that give this volume?

How many of Hatsune Miku can we fit in the box?

1. Sketch:

19


Rectangle


Pwn

I=w
V = the maximum volume of the box, | = length of the box, w = width of the box

= lwh = w?h
2[w + 2wh + 2lh = 2w? + 4wh =

_ 10-2x2 _ 5-x2

Viw) =2 (5w-3w?) =0, w =0, w = iw/§ (discard -\/-35- because width is nonnegative)
2w

V(v3) = 2.1517m’. The dimensions are w = vZms=12910m,l=w=12910m,h=
1.2910m. We can (technically???) fit 4 of Hatsune Miku in the box (2 1517 = 4.3)

Related Rates: the rate at which a quantity changes in relation to the rates of change of other quantities

1
s
3.
4

5.

Rough Sketch

Assign variables
Identify derivatives based on what is given and what is needed
Write an equation that relates the rates, using implicit differentiation. You may need to use a

secondary equation to convert the given quantities to the quantities needed for the equation, if

necessary
Solve for the specified quantity (be able to state what this means in the context of the problem!)

Example: A spherical balloon is being inflated with air at a rate of 5cm” 3 per minute. At what rate is the

radius of the balloon increasing when the radius is 10cm:

&\ /j: = 10cm

1.
2.V = volume of the ballon, r = radius of the balloon

20



dV_ - dr_ _
ol 5, - ??? whenr = 10

4, =% so Y= anrP™
‘\1/V(t) ST, so — 4Ttr o )
av_ 25:_ _ g: _—7-:_1_ 5 . 5 «
ar 4rtr r 5 = 4m1(100) T B0 e cm/min (the rate at which the radius of the balloon is
increasing)

"AP ATEP AR

Indefinite Integral: the antiderivative of a function that is taken without limits of integration; takes the
form [ f'(x)dx = f(x) + c where f(x)dx is the integrand and c is the constant of integration

Indefinite Integral Rules (Basic, Chain, U-Substitution, Parts, and Tabular):

Basic:

fadx = ax + ¢ Example: [2dx = 2x + €
xn+1 +1 o8

[ x"dx ==—+ ¢ Example: [ x°dx = +e= 4
n+1 5+1 a

[af(x)dx = af f(x)dx where ais a constant E;f.émg:;ie: fef(x)dx = ef f(x)dx

JIf(x) + g(x) + h(x)]dx = [ f)dx + [ g(x)dx + j #{xydx
Example: [[x® + ex + x]dx =[ x5dx + [ exdx + [ xdx

Chain Rule:

[ f(9(x))g' ()dx = [ f'udu where u = g(x)

Example:

[x?(3 —10x%)*dx

u = 3-10%’, du = -30x*

the aim of the procedure is to make the part outside the parentheses equal to the derivative of what is
inside the parentheses, so in this case, multiply the integrand by -30 and multiply the integral by -1/30
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Jx%(3 — 10x3)*dx = — - [ ~30x°(3 — 10x%)*dx = — o= 3 3-10)°= — 5 (3-10x)

Special Cases of Chain Rule:

f3(8x - 1)e4x2’xdx

notice that (8x-1) is the derivative of what is in the exponent of e. all we have to do is move the 3 outside

the integral sign (using one of the basic integral rules!)

S 3(8x — 1)e***~*dx = 3e**~* + ¢

Some other rules to remember:
fet*du=¢e"+c
u a*

fa*du=-—+c

du Ina
—=Inlu| +c
u
of the function and rewrite the function so it is

U-Substitution (change of Variable): let u replace part

easier to integrate Example:

f(2x + 2)e**+2xdx

letu = x% + 2x

L. __1

o = 2X+2s0 dx = 2x“du

f(@2x + 2)e* +2xdy = f@2x + z)z_xtzeudu = [etdu=e*+c= e X242 4

Integration by Parts:

Ju-v'=u-v-fu'-v
Example: [(x? - sinx)dx
Let u = x> and V' = sinx

u’ = 2x, v = -Cosx
u-v- fu'-v=-x‘cosx — [ —2xcosx = -¥cosx + [ 2xcosx

simplify [ 2xcosx
Let u = 2x and v'= cosX

u’ =2, v =-sinx

[ 2xcosx = 2xsinx - [ 2sinx = 2xsinx + 2€OsX + ¢

Therefore:
J(x? - sinx) = -x’cosx + 2xsinx + 2¢osx + ¢

given [ u - v where one and exactly one of the terms will eventually reach zero when

Tabular Integration:
the derivative is taken an infinite number of times

Example: f(x? - sinx)dx
let u = x° and v = sinx
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construct a table;

Alternate between +

u (keep taking the
derivative until you

v (keep taking the
integral until you reach

and — until you reach
the end of column u

|

reach zero) the end of column u)
x? sinx + |
2x -COSX - |
2 -sinx + I
0 COSX = |
multiply diagonally and multiply each product by the sign in the last column

u (keep taking the v (keep taking the Alternate between +

derivative until you integral untilyou and - untilyou reach

reach zero) reach the end of the end of columnu

. column u)

x? 1 + o (cd

X - @ - HtlA

2 + @ Y odw

0 -

add the products:
f(x? - sinx)dx = +x*(-cosx)-2x(-sinx)+2cosx +C

L \a‘ 2
recn W

Partial Fractions: sgmetlmes, ou can rewrite rational functions to find the integral more easily
Example:

3x—7
f(x2+5x 6 = f[m+ x-—l]dX
solve for A and B:
A B 3T
x+6 x-1  (x+6)(x—1)
A(x-1) + B(x+6) = 3x-7
Substitute values of x that will allow you to solve for the constants ( € L eed
Ifx =1, then B(1+6) = 3(1)-7,7B=-4s0B = - : Y
If x =-6, then A(x-1) = 3(-6)-7, -A = 3(-6) -7, 74 = -25,sc A ==

Therefore:

Zjdx = [

7(x 1)

Jdx =

i.n(x+6) - ; n{x-1)

f[ng x-1 7(x+6)
If the numerator is larger than the denominator (look at the exponents!) then you will need to rewrite the

function with polynomial long division:

Example:
4_5x3+6x2%-
x3-3x2

JE

x —2

o —— et
23 — 3x2f(e* — 5x° + 6x% — 18)

-(x* — 3x3)

—2¢ +6x°— 18
—(-2¢ +6x)— 18
~18

23
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4_c,.3 D
Therefore; 2. =3%"#6x7-18 _ 5 _

D x3-3x2
% =18 _4 + 2 =X solve for A B, and C, and then integrate as before (note the repeated
x3-3x2 xz(x 3) x x2 _(1—3) y L2y '

factor of x)

e L

,-,q Definite Integral Properties:
- Ax;where a and b are the limits of integration

= f fFG)dx = lin limp,o (X2, f(c‘)
Ji FG)dx = 0 if f is defined at x = a Example: [*(4x%)dx = 0
f,, f(x)dx = - f f(x)dx if f is integrable on [a,b] Example: fz 4x8dx = f 4x8dx

f fG)dx = f f(x)dx + f f(x)dx if f is integrable on [a,b] and a<c<b

Example: fz 4x8dx = fz 4xSdx + fs 4x5dx
f kf()dx = kf,! f(x)dx Example: f; 4x%dx = 4 f;xﬁdx

Fundamental Theorem of Calculus Parts | and II:
Fundamental Theorem of Calculus Parts I if f(x) is a continuous function on the closed interval [a,b] and

F(x) is an antiderivative of f(x) on [a,b], then:
S F(x)dx = F(b)-F(a)
Example:
5
= 5015 = G- g0 = 2

Fundamental Theorem of Calculus Part II: if f is a continuous function on the open interval | containing a,

: then for every x in the interval:

o fa f@®dt = f(x)
Example 1: i f “VEZ+1dt = VxZ + 1 (in this case, simply replace t with x, the upper limit of integration)

Note: for the above procedure to work, the lower limit of integration must be a constant and the upper

limit of integration must be x.

Example 2:

d rx3

2 =?77?
—J, costdt

cos'(t) = C—O;? :;‘ (f costdt) ==

letu = x/3
( f costdt) ( f costdt) == = cosu(3x’) (fundamental theorem of calculus part Il)
= (cosx (3% (in thlS case replace t w1th the upper limit of integration AND multiply by the derivative of

the upper limit of integration)
Note: for the above procedure to work, the lower limit of integration must be a constant

Example 3:

2 (P sin(t?)dt = 777
dxfx sin(t?)
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Write as the sum of integrals and integrate each part separately, using the fundamental theorem of

calculus part 11
[ sine?yde = [2sin(e?)dt + [ sin(t?)dt = - [y sin(t?de + JZ* sin(t?)dt

= -sin(x’) + 2sin(4x?)
Absolute Value: using the definition of absolute value, rewrite the integral as the sum of two integrals

Example: f(x) = |2x-3|
fos |12x — 3|dx = -fol's(Zx —3)dx + ffs(Zx — 3)dx

3
T
0.8

pd
Net distance (displacement):
L v(tde
Total distance:

J lw(@®lat
Example: Gumi throws a baseball upward with an initial velocity of 96 ft/sec. The velocity of the ball, in

ft/sec, can be approximately modeled by the function v(t) = 96-32t. Find:

a) the net displacement of the ball from t = 1 to t=5
b) the total displacement of the ball from t = 1 to t=5

net distance:
f15(96 — 32t)dt = 96t - (16t) | f= [96(5) - (16)(25)] - [96(1) - (16)(1)] =80-80 =0 ft

total distance:
f15]96 — 32t|dt = —ff(% — 32t)dt + fz Gl = 64 + 64 = 128 ft
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Reimann Sums: for a closed interval [a,b], where Ax is a partition of [a,b], where a= Xy < X1 < X2 < X3... <

Xn-1< Xn = b, where Ax is the width of the ith subinterval. Let ci be any point in the ith subinterval, then the
sum for the partition Ax:

w1 F(€)A%, Xp12¢<x; (Riemann Sum)
fxb f)dx =lim,_ X%, f(x) b;—a (for even subintervals)
Right Hand Riemann Sum: use the right-most subdivision of each interval
f(x0)Ax + f(x,)Ax ... f(x,_,)Dx (evaluate f(x) at the left endpoint of each subinterval)
Example: a=0, b=2, n=4 (there are four rectangles)
(b-a)/n =2/4 = 0.5
The right-end divisions of the subinterval are: 0.5, 1,15 and 2.

f(0.5)Ax + f(1)Ax + f(1.5)Ax + f(2)Ax #1.2(0.5) + 2(0.5) + 3.2(0.5) + 5(0.5) = 5.7

(33}
PO

S

Left Hand Riemann Sum: use the left-rnost subdivision of each interval
The left-end divisions of the subinterval are: 0, 0.5, 1, and 1.5.

f(0)Ax + f(0.5)Ax + f(1)Ax + f(1.5)Ax = 1(0.5) + 1.2(0.5) + 2(0.5) + 3.2(0.5) = 3.7

0" o5 1 15
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Midpoint Riemann Sum: use the midpoint of each interval (take the average of the two boundaries of

each subdivision)

1+1.5

Example:
The midpoints are: 225 = 0.25, 105 - 075,52 = 1.25, =2 o175

f(0.25)Ax + £(0.75)Ax + f(1.25)Ax + f(1.75)Ax = (1.05)(0.5) + 1.6(0.5) + 2.6(0.5) + 4.2(0.5) = 4725

(4,
ik,

N W

P

0 05

15 2

Trapezoidal Riemann Sum: let yo, y1, Y2...ya be the bases of the trapezoids, and let the heights be hy, ha,

hs...h,

_ YOo+yl,  yl+y2,  y2+y3 Ynt+¥n-1
S == 2 hl T 2 hz L 2 h oo 2 hn

If the subintervals are the same length, then:
T()= 200 + 21 +2Y2... + 2Yn1 + Vo)

Example:
_ 0+05 L, 0.5+1 . 1+1.5 1.5+2 , _
S= 5 0-1+——14 5 3:5.~——8= 19.15

s i
Area Between Two Curves:
A= fab[f (x) — g(x)]dx where f(x) is the upper function and g(x) is the lower function

A= d[g(y) — f(¥)]dy, where g(y) is the rightmost funciion and f(y) is the leftmost function

Example 1: f(x) = X2, gx) = X (a quick sketch shows us that f(x) is the upper function)

1 14,1
A= U@ - g@ldx = [t —¥ldx = 50 -2 | =5

~
~

27
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Example 2: f(x) = 353-x%-10x, gx) = -x2+2x

A= [P[F() — g(o)ldx = [SIf () — 9Cldx + [F1g() — f())dx

(two integrals are necessary here because on the left side, f(x) is the upper function, and on the right side,

g(x) is the upper function.) _
b
b nid

=3

1

ywan

s i
o

Volume of Known Solids of Revolution: (volume created when a function is revolved around an axis.
same rules apply regarding the order of the functions, and writing two integrals if necessary, see previous

example)
For one function:

V=rm fab f(x)?dx (revolve around x-axis)

V=rm fcd f(?3dy (revolve around y-axis)

Example: f(x) = Vsinx
V= n’fon(\/sinx)zdx = 1 (-cos) | g= 2

b
-

For two functions:
V = pi fab F(x)? — g(x)?dx (revolve around x-axis)

V=pi fab g)? - f(y)dx (revolve around y-axis)

Example:
F(x) = vx, g(x) = X 1

1
R L Pt
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Revolving around the liney = L:

V= [P(f(x) — L))? — (g(x) — L))? dx (where x = L)
V=m[(g0) - L)) = (FO) — 1))* dy (wherey = L)
Example: x = y? x = Vy, rotated about the liney =1

V=mfi? = 12~ (Vy - 1)?dy
Volume of Known Solids with Known Cross-Sections: t = top function, b = bottom function. “slices”

are perpendicular to the x-axis
squares: V = fab(t —b)? dx
equilateral triangle: V = \/3 f:(t — b)? dx
semi-circle: V = gf:(t — b))% dx
isosceles right triangle:

y_1pb
leg: VvV = Efa (t — b)? dx

hyp:V = 2 J; (¢ — b)? dx
rectangle: cross section is a rectangle whose height is # times the length of its base

V =# [°(t — b)? dx

Example: Let R be the region bounded by y = sin(tix) and y = x>-4x. R is the base of a solid, where each of
its cross section perpendicular to the x-axis is a square. Write an expression for the volume of this solid.

y = sin(x) is the upper function, so:

Vo= {sin{ms) — (x° - 4x))? dx

Area of Surface of Revolution: where r(x) is the distance between the graph of x and the axis of

revolution (function minus axis of revolution)

s =2onf"r(x) - V(1+£'(®) dx
s=onf’r@)- V(1 +g'®) dy

Example: Let f(x) = x> [0,1]

P(x) = 3
S = 2nf r(x) - V(1 + (3x))? dx ~ 3.562
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Average Value:
If f is integrable on [a,b], then average value = ﬁ f:f(x)dx

Example:
f6) = = [1,3]

1 39 1 9 3_ ) .
AV =g I mdx=5 (32| 1= 2 (the average y-value is 2)

Mean Value Theorem: )
If f is continuous on [a,b] then there exists a number c in [a,b] such that [ f(x)dx dx = f(c)(b-a)

Example:

9
2=
X = 3\/2E =~ 1.651
Arc Length: for a smooth curve beginning at (a,c) and ending at (b,d) and a<b, c<d, then

L= V(1 +(2))

Example:v
f(x) = x3[0,1]
| a5 f()W(1 + (3x2)?) ~ 1.548
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TOPIC 5: PARAMETRIC EQUATIONS

Parametric Function;

arametric Function: if the x coordinates and y coordinates of a point on a graph are given by the

functions x = f(t), y = g(t), then t is the parameter. parametric equations are often used to represent the
motion of a particle, with t representing time

Eliminating the Parameter: combine the two parametric equations into one equation (thus eliminating
t)

3
1 10-

/

B e SR i

=]
B MR e

v

|

i i

Example 1: | - "
sin(t) = fcos(t) = f —t / ;s
C !

X = 4sin(t), y = 5cos(t)
sin’(t) + cos(t) = (45)2 " (g)z =1 |

'
L (RS

el
|
i

1

Example 2:x=1-t,y = Vx
y =t
x = 1-y°

important note: because the domain of y = Vx is [0,00), the domain of x = 1-y2 is restricted to a domain of
(-o0, 1] (because 1-y° is always less than or equal to 1 if y* is always greater than or equal to 0)

&
1)

Sketching: at various values of t, evaluate both parametric equations and plot the points. if t is time, you
can draw an arrow indicating the direction of motion

Example:x = t° + t,y = t* - t
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Finding the First and Second Derivative of a Parametric Equations:

dy d  dy

dy _ ar d’y _d ,dy 23

— T e n — e [ e — __._x

ax & @ d dx? dx (dx) 2
dt dt

Example: x = 2sin®, y = cos(26)

dx dy . dy —2sin 29 Zsinfiooss .
50050 P =-26in20, —= = = - e = =250
de ' do dx 2cos 0 ccs 6
d , dy

2 g4
d y — de(dx) - —2cos0 = _1
dx? ax 2cos 0

de

Arc Length for Parametric Equations:

2 2
L= ff\/[ any” g (52, ]Jdt where a < t < 8 (Important note: if the curve is traced out multiple times, take
dt dt

the limits of integration for one tracing only)
Example: x = 3sin(t), y = 3cos(t), 0 £t <2m
dx _ Q — _2ci

— =3cos(t) — = 3sin(t)

|, & foznw/[9 sin?t +9cos?t]ldt=6m
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TOPIC 6: DIFFERENTIAL EQUATIONS
Separation of Variables, Growth and Decay, and Logistics:

§iparatton of Variab.le.s: to solve an equation involving a derivative, move like variables together and
integrate, using the initial conditions to solve for the constant of integration. If you are not given the

constant of integration, you can still find the general solution:

Example 1: Find the general solution ofﬁ—31 =2
x Yy

dy _ x
ax ¥
ydy = xdx
Jydy = [ xdx

1.2 _ 1.2
Y =5;X +c

y2 = X2
Example 2: Solve xe** +yy' = 0, given the initial condition thaty = Lwhenx =0

dy _ 2
- -xe*

ydy = - xe* dx
[ydy = [ —xe* dx
¥2 1 42

T =mgF *E

s in the population, t is time, k is a proportionality

Growth and Decay: let N = the number of member

constant

dN
E—kN

4N _ kdt (separation of variables)

N

dN _
J~& =k
InN =kt +C

N = <= e’ = Aet where A = €°
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Logistics: logistic growth occurs when population growth is limited (limit = L, which is also known as the

carrying capacity)

d.
a=lya-h

dy  _
fy(l—%) = I lede
f (le + L—l;) dy = [ kdt (rewriting the left side with partial fractions)

Inly|] - In]L-y] = kt + ¢
ln|%”; = -kt - ¢ (multiply each side by -1)

L- <kt- o 5
’Ty,=ektC=(eC)ekt

P ; .
2 = peMwhereb=ze*

L
Y = et

Word Problems:
Example 1: Let v(t) be the velocity (ft/sec) on a skydiiver zt tirn2 ¢ seconds, where t > 0. After her parachute
-2v = 32, with the initial condition v(0) = 50. Find

opens, her velocity satisfies the differential eguation ;~L

an expression for v in terms of t.

dt
LA (-2)(dt) integrate both sides:

v+ 16

2V~ _2v-32 movev together with dv (keep -2 on the right side):

J-2 = f(=26)(dD)

v+ 16

Injv+16| = -2t+c
eln]v+16] — e-2t+c

v=e?"°-16
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vV =Ce?-16 where C' = &

-50 = cleO -16
C=-34
v=-34e*_16

Example 2: Let y = Ce* represent the number of fruit flies in a sample. If there were 100 flies after the
second day of the experiment and 300 flies after the fourth day, what was the original population?

Based on the information in the problem, you can write the two equations:

100 = Ce® 300 = Ce™
Solve for C in the first equation:

100 = Ce*
C = 100e*

300 = Ce* = 100e*e* = 100e*
3=¢*

In3 = 2k

k=>1n3 = 0549

y = Ce" = 100e%** » 33

Example 3:
Example 3: Let the initial population for some elk be 40. After 5 years, the population is 104 elk. If the
maximum capacity of the population is 4000, what will be the elk population in 15 years?

L 4000
= = =4
y 1+be~kt  1+be® 0

2000 _ 40, b = 99

1+b

_ 4000 ~
104 = —225 k ~ 194

4000 4000 .
y - 1+998—.194t —1+999—.194(15) ~ 626

Slope Fields: visual representation of the solutions for first-order differential equations

Example: Z—i’ = -2xy
1 andy = 1 into the equation.

To find the slope field line at (1, -1) for example, substitute x =

d —
E% =-2(1)(-1) =2
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In the x-y plane, graph a segment with a slope of 2, at (1,-1) to represent this solution.
e 3

2

-3

/ N4
1 / l, / .,
/A A R N
P & g - \ \\ \ \'.
U S, / . A / - e “ X \ \"
5 S e \ N \ X
PR . T N NN
of . -
., "oeee e - - e P / //
’ a5l N >N T S
NN
5 ..'\ ~ e i / ,!"' 1‘)
1 ‘("s st‘-. \'\ \ ....
2 1 0 1 2

Treating the line segments as tangent lines to the graph, sketch possible solutions for the

function:
1 “' {,. P ¢ il e anria, N X & Y
Fi ! r, Fy e ’ -..A:“.. NS '\ \
o5’ SN vy
o5t L e el Y AN
il WA 4 A NG RG A \,
T o N A AL 9 e, \"3:.
025) .. .l o . =AY N
0 sl . el S R
s —n— - -.-\:?::_o;.-_=-.. -
-0 ¥ 2 5 e . ,,/'L':"'::,,“_.f’ "’ );’ Fi ;’
- ..""/"’r .:.‘-f’ ¢
0.5 -~ 7 /, }f
1 L.l
2 1 0 1 2

Each black line represents one solution to the differential equation % = -2xy for various values of c.

Of course, you may be given a slope field graph and asked to match to a differential equation. In this
case, test points in the x-y field to see which differential equation it matches.
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b Example: Does this slope field graph match the differential equation %’ =e™or %’ =eY?
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Asy increases, the slope decreases, whereas changes in x have no effect on the slope. The slope field

d e
matches = = e”,
dx

Euler’s Method: numerical method for solving differential equations for specific values, using tangent
line approximation. Approximate x value = (x+Ax), Approximate y value = (y+Ay)

Example: solve z—i’ =y fory = 2, given the initial condition that y = 1 when x = 0. Use a step size of Ax =1

Construct a table:

F( y dy Ay = mAx

dx
| 0 (initial condition) 1 (initial condition) % (equation definition) lAay=D) =1 \
[1(x+A%) 1+1 = 2 (y+4y) E [Ay=@M) =2 \
| 2 (x+Ax) 2 + 2 = 4 (solution L \
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TOPIC 7: VECTOR VALUED FUNCTIONS

r(t) = f(i + g(t)j = (£ (¢), g(t))
r(t) = fi + g(t)j + htk = (f(t), g(), h(¥))
where f(t), g(t), and h(t) are component functions

Domain, Sketching, and Limits: ]
Domain: the set of all real numbers (t) for which all the component functions are defined

Example: the domain of : = {cos(t),In(4 — t),Vt + 1) is [-1,4) because cos(t) is defined for all t's, the
second component is defined for t < 4, and the third component is defined for t > -1.

Sketching: evaluate the function at several values of t, then graph the corresponding vectors and connect
the endpoints in ascending order, according to t

Example: : =(t,t3—-10t +7)
- _ - : - 3 - =y — 1 9y 0y = (1. =5 (-3) = (1,—2)
(-3)= (=310, ) (-2 = ¢=2,19), ] (1) =(-1,16), ] (0 =07, | () = (1,-2), @ = (1,5}, . (:3) ={

Limits:
limg, () = limgg f(O)U+ lime g (t)J .
lim,_,, 7(t) = lim_q f(O)L + limq g(£)j + limg,q R(D)K

Example: lim;_,o 7(t) = eli + %nt =1i+ 1j=<11>
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Velocity and Acceleration Vectors for Motion on a Plane Curve:

V() = 55 = (£'(£). 9" (&), K'(®))

a(t) = £7 = (£(£), 9" (£), h"(®))
[r@)de = [ f()dt i + [ g(t)dtj + [ h(t)dt k (each integral on the right side will yield its own constant of

integration, for which you must solve using the initial condition

Example 1: The motion of an object can be described with the vector valued function (R = 2 .=, %)

Find the velocity and acceleration of this object.

v(t) = (2t, 2e?%t, 3t2)
a(t) = (2,4e?%,6t)
Example 2: A particle moves along the x-axis with a velocity of v(t) = 1 - sin(2mt). Find the position x(t) of

the particle at t, given that x(0) = 0.
x(t) = [v(t)dt= [[1 - sin(2mt)]dt = t + ;1; cos(2mt) + C

- 1
0= . cos(0) + C
1

T om
x(t)=t+ % cos(2mt) - %

Example 3: Evaluate [(t) = [sin(2t)i- [2cos(t)j + fﬁlt—z k, given that r(0) = 3i -2j + k

Jr'@) = (- 51c052t + ¢l — (2sint +cy)j + (arctan(t) +ca)k

--21-c052t +¢=3¢= 5
—(2sint +¢3) = -2, ¢, =2
(arctan(t) +c3) =1, ¢c3=1

P T pm s . .
[r'() = (- 5c052t + 2)i— (2sint +2)j + (arctan(t) +1)k

Speed: |[v(t)|| = [Ir®)]| = ﬁ(x'(t))z +(o'®)

Example: An object’s motion can be described by the vector valued function r(t) = (- + (%t)j. Calculate

its speed.

IVl = \/(Zt)z + (23)2 - \/;tz +41
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Area Bounded by Polar Curves (One Curve, Two Curves, Shared, In One Out the Other):

One Curve:

A= fle r2d6 where a and B are the angle values for which the desired area begins and ends

&= g
r=7(8)

8=

Example: Determine the area in the inner loop of r = 2+4cos8
You can determine the values of a and B by setting 2+4cos8 equal to 0.

0 =2 + 4cosb
1
cose—-g

4 = 2
A= fzi”zl(z + 4cos0)%d6 = f;:%(z} + 16c0s6 + 16c0s%0)d0 = f§:(2 + 8cos0 + 4(1 + cos(26)) d6
3 3

57[

“m
5 =A4m-6V3=22.17
571'

4
= f33:(6 + 8cosB + 4 cos(26)) db = (66+8sinB+2sin(28) |

3
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b Two Curves:

A= fp§ (rs? — 7;2) d6 where ryis the outer curve and r; is the inner curve
a

Example: Determine the area inside r = 3 + 2sin® and outside r =2.

3 + 2 5in@ = 2 (the area does not begin from r = 0!)

sing=-1
2
7n 1im

T 6" 6
4 11w

11
A= ff 2 (r? —712) df = [ > (3 +25in0)% — 2%) dO =~ 24.19
6 6

r=3+2siné

4
I

e L
-4 1 5 4
r=2
Shared:
A= ffzi ,2d6 where r, is the outer curve (this may change over the interval, so you will need to write a
6 =§

separate integral for each time the outer curve changes!)
Example: Determine the area between r = 2sin@ and r = %— sin®

r=2sin@

Intersection points: 2sinB = —2-— sin®

sin@=2s00==%3"
2 6° 6

T 5

— . ry i T 5 . 2 s 15 _5n
A = f#= (25in0)?d6 + jgﬁ ~ G - sin@)2dg + f{_@z (2sinB)2d6 = = - =V3, o=%

Inside One, Outside the Other:
A= faﬂzl (10* — ;%) d6 where ryis the outer curve and r; is the inner curve r=3+2sin8

(24

Example: Determine the area outside r = 3 + 2sin@ and inside r = 2.

11

A= fuf § (22 — (3 + 2sinf)?) df = 2.2
6

—
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Slope of tangent (dy/dx): If r = (6), then:

X = f(6)cos6
y = f(8)sin6

dx ]
20 = f'(8)cose - f(6)sin 6 (using the product rule for derivatives)

dy ’ M
25 = F(B)sin® + (B)cos6 (using the product rule for derivatives)

dy
ay — 46 _ £(0)sinb + f(8)cosO
dx gg £(6)cos6 - f(8)sin 0

Example: Evaluate Z—i’ for r = cos(26)

dy
13_1 - de _ _—2sinBcosB +cos(20)sinb
dx 2% _25in(20)sin® +cos(20)cos6

d
Substituting a value for 8 will give the slope of the line tangent to the curve at that value.

Arclength: L= [P(r2 + (E)Hde
Example: Determine the length of r =8 [0,1]
L= (8% + (1)2)de ~1.15

TOPIC 9: SEQUENCES AND SERIES

Improper Integrals (Continuous and Discentinuous):

Continuous Functions:

if f is continuous on [a,), then:
./:of(x)dx = Iin‘lb—-)oo fabf(X)dx

if f is continuous on (-o,a), then:
f_aoo f(x)dx = ll.n‘lb—v—m fbaf(X)dx

If f is constant (-o0,00), then:

[2 fydx =[5, f)dx + [ f()dx ¢
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x b 5
Example: f:’e”’z“ dx = limy_,e fobe “idx = gi_r’g[(—Ze‘E) I l(;] = z!il?o[(_ze 2) ~(-2)] = 2 (converges to 2)

Discontinuous Functions:

if f is continuous on [a,b), then:
Sy F(0)dx = limg- [£ f(x)dx

if f is continuous on (a,b}, then:

J? F(dx = lim_ g+ fcb f(x)dx

If f is continuous on [a,c) U (c,b], then:

L fax = [ fdx + [ Fx)dx

Example: f_olxiz dx = lim_,o- f_cixizdx = lim_,o- [— i] |_C1 = = limg,o- [ %- 1] = o0 - 1 = oo (diverges)

Sequences (Definition, Limits, Writing):

Definition: function whose domain is the set of positive integers

Infinite series: a;, ay, as... are the terms of the sequence
an: how the sequence is defined (the nth term), sometimes written in brackets {}

Limit: let f be a function of a real variable such that limf(x) = L
x>0
If an is a sequence such that f(n) = an, for every positive integer n, then 7111_{1;10 a, = L (what the sequence

converges to)

If lim |a,| = O, then lima, = 0
n—oo n—oo

Writing Sequence, given Definition: for the first term, substitute n = 1 into the definition. for the second
term, substitute n = 2 into the definition, and so forth.

Example: a, = 3 + (-1)" =3 + (-1)}, 3 + (-1)%, 3 + (-1)%, 3 + (-D*.. = 24,24...

Writing Definition, given Sequence: identify patterns in the terms and write a definition for the nth term

Example: 24, 16, 8, O, -8...
Each term is 8 less than the previous term

a, = x-8n
substitute 24 (the first term) for a, and 1 for n to find x

24 = x-8(1)
X =32
Therefore: a, = 32-8n
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Definition of Series:
if a, is a sequence of real numbers, then an infinite series is defined by:

Zan=a1+ a, + az..+ a, + -
n=1
Sequences of Partial Sums: the sum of part of a sequence (S)

Example:
4

Zn2=12+22+32+42=54=30
n=1

Properties of Partial Sums: if
Z;o:lan = A and Z;’fﬂbn =B andceR

then:
Zc'an=c A

n=1

Zani- an=AiB

n=1 n=1

Z(ani-bn) =Zani an
n=1 n=1 n=1

Example:
5 (2) 4250 (3) = 15 () + 2R )

1

Zoo = is a geometric series with =landr=%s0S=
n=1\zn g series witha = candr=50>=

Zn:l my el p-series that diverges
If one part diverges, the sum must diverge 25

well!
Tests for Convergence and Divergenee:
a series does not affect convergence and

removing a finite number of terms from the beginning of

divergence

nth term test for divergence:

if lima, # 0, then ¥n-1an diverges

n-—-oo
if lima, = 0, then the test is inconclusive
n—->00
Example:
& n " . no 1
2 cause lim —=-#0
) I diverges be lim -2 =2
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eometric series test: ifa = 0, then a + ar + arz + ar ... 1s a geometric series

if [r] < 1 then the series converges (S = —r)
if |r] > 1, then the series diverges

Example:

Il 1( ) converges becausel | < 1. Its sum lS

p-series test:

UIIN

Ul
wlm

[M]s
3~

3
L[}
ey

Converges when p>1
Diverges when 0<p<1

Example:
2ne1 i diverges because p<1

1
p3e-a —z converges because p>1

integral test: if f(x) is a continuous, positive, and decreasing function, and f(n) = a,, then ¥, a,,converges if

and only if f f(x)dx converges:

Example: 350, o dlverges because

e x2+1 = dx = lim ln(x +1)|

comparison test:

If ¥ a,, converges and an > bn, then ¥ b, converges
If ¥ a, diverges and an < bn, then Y. b,, diverges

1
(0.0]
Example: Zn=1 (7-1—11)
1 oo 1Y 1
By comparing —; with ;, we see that ¥, (;5) converges because o= converges (geometric series, r = 2)
1 1
and — < —forn>2

limit comparison test:

if lim 22 is finite and positive, then Y. a,and ¥, b, both converge or diverge

n-coo n

Example:

Zn=1 (2n+1)

Letan=2nTand b, ==
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1
li n = 2n¥l _ 1
nl—{?o by -—if_. T2
) must diverge as well

n
We know that ¥, = dwerges (p-series) so Xn=1 (2n+

alternating series test: (a, > 0)

Z(—l)"“an =a, —ay+az—a..+ (D", +
n=1

Converges if a,,1<a, foralln and lima, =0
n—o0

Absolute convergence: ¥ a,, converges absolutely if ¥ |a,| converges

Conditional convergence: if ¥, |a,| diverges and ¥ a,converges then ¥, a,, converges conditionally

Example 1:
% (_nlz)_:;l - diverges because lima, = lim n’;‘ig =1#0
Example 2; ¥ 26" "")
lim S'“(sz’"’) = 0 and 22 ,, sindn+1im)
(n+1)2

n—oo

sm(
>|—=— | converges (comparison test with ——)

Soz__gz_

converges absolutely

Example 3: Z(—l)"l

llm——Oand—>—1—
n—»oo n n+1
Z diverges (p-series), so Z(—l)"% converges conditionally

ratio test:
i diverges if L > 1.1f L = 1, the testis inconclusive

if lim 221 = | exists, then ¥ a, converges il <

n-oo Qan
Example:

o 1
Zn=1 n
' : 1 _
= 0 < 1 so the series converges

. (n+1)! n._
2= i = lim
hm 3 r{—)rg (n+1)' n—oo (n+1)

n—oo
n!
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TOPIC 10: TAYLOR SERIES

Taylor Sferies Centered at x = a:
f(x) =~ %- (x-a)° + f(a) (x-a)t + 2@ (a) . (x-a)? + L@ (a) - (x-a)® + fni?) - (x-a)"
ifa = 0, then it becomes a Maclaurln Series:
fr (o) fr/(o) 2 fri(0) 3 f2(0) n
ST+ == 007+ 2 (07— ()

f(x) ~ % - ()° +

Example: Write the third degree Taylor polynomial centered at x = 1 for f(x) = Vx

fl) =1

f(l) = Qxz) =1

(D) = (-3 B?) = - 2

(1) = (=3 (- Hx7) = 2

- (x-1)° +i (x-1)! + '4 (x-a)? +g - (x-1)3

f(x) =
- (x-1)* @1)+_(xn3

-1+

)—-C-J-I"‘

Common Maclaurin Series:
1 1 1
exz1+x+5x2+;x3+ Xt

M 1 1 1 -1 n
sinX = X - = X +—x5__x7 ( ) 2n+1
3! 5' 7! " (2n+1)!
1 1 _1)n
cosxm1-=x2+=x*-2x° ...—( L 5P
2! 4 6.' 2!
—1 n
rl1+x+X+X+x+ .. x

1-x
Manipulation of Taylor Series (Differentiztion, Antidifferentiation, Forming New Series)

Diffrentiation:

iff(x) = X2 a, (x —a)™ = ay + a;(x — a) + a(x — a)®
then f(x) = X2 ,n-a, (x —a)™ ! = a; + 2a,(x — a) + 3a3(x — a)?
Antidiffrentiation:

if f(x) = Xnmoan (x —a@)" = ao + al(x — a) + a,(x — a)?
—-a)? —a)3
then [ f(x) = c + %5 a, TL— = ¢ + agle-a) + a2 + a2
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Formation of New Series from Known Series: Manipulate a known series to write an unknown one

n

~ Example: f() = - =1 tx+xX+ X+ + X
gx) = -1%- replace x with (-x) in the first polynomial to obtain the polynomial approximation for g(x)

= fx) = Z5(-1)" ()"

g0) = —
= g'(x) (use the rule for diffrentiation)

h(x) = - (1+1x)2
h(x) = £5(=1)(n) (x)**

Functions defined by Power Series:

power series in x:
35 anx™=ag + aix + ax’ + ... a,xm

power series in (x-a)
I8 an(x —a)"= ap + ay(x-a) + ay((x-a))> + ... a,((x —a))"

Modifications: same principles for manipulation apply
Example: f(X) =€ =1 +x+ 2 + 23 + =x* + .. = X"
o 2 . 62 L 24 5 L n! . .
= = = — - — — 0
glx) =e f2x) =1+ (2x) + > (2x)° + P (2%)° + ” 22X + ... o (2%
When a modification is performed, the radius of convergence does not change, but you will still need to

test the endpoints (see next section)

Radius and Interval of Convergence:
tevval Radius of convergence: set of all values for x for which the power series converges
Radius of convergence: if the power series converges when |x-a| < r and diverges when |x-a| > rthen r is

the radius of convergence

For a power series 2§’ a,(x — a)", only one of the following will be true:
- the power series converges for all values of x (interval of convergence: R; radius of convergence: R)

- the power series converges only where centered at x = a (interval of convergence: {a}, radius of

convergence: 0)
- the power series converges for all x in an open interval but not outside a closed interval (interval of

convergence: [(a£R)], radius of convergence: R)

To find the radius of convergence, use the ratio test. Then, substitute each endpoint into the series to

determine the interval of convergence.

Example 1:
o X"
n=1,s
n+1
lim [ 2| = lim}2 = 0 < 1
n+1

n-ooo (m+1)! xm
Radius of convergence: R
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Interval of Convergence: R

Example 2:
Xn=gnlx™

Iim(n+1)x = oo

n—00

Radius of convergence: 0
Interval of Convergence: {0}

Example 3:
e (1) x)n
n=i n+1
. x®  n+1 "
lim |—.——=[=lim|x| <1
Radius of convergence is 1

Interval of Convergence:
When x = 1, the series converges (alternating series test)

When x = -1, the series diverges (comparison test withi)

So the interval of convergence is (-1, 1]

Lagrange Error Bound for Polynomials:

f(x) = P(x)
f(x) = Pn(x) + R(x) where R(x) is the Lagrange Remainder

If you use a Taylor polynomial of degree n with center ¢, to approximate x, then the actual function falls

within the error bound:

n+1 P n+1
i Cleal where z is a "mystery number” such that c £ z < x and ) is

Rn(%) = Emax </ | (1)1 |
maximized, and x is the value we are trying to approximate

Example: Find the Lagrange Error Bound for the 3rd degree Maclaurin polynomial approximation of f(x) =

cos(x) forx = 0.1

n=3
c=0
¥=.1

0<zx<.1
F*(z) is maximized when z = 0 (cosx is decreasing on the interval)

*.n*
RsX) = Ensc < [
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